Abstract-In this paper, we study qualitative properties of solutions of nonlinear systems of difference equations. In particular, we analyze asymptotic behavior of solutions of the systems under perturbations of a certain type. Using methods of Lyapunov functions, we present conditions guaranteeing that the perturbed system has an asymptotic quiescent position.
I. INTRODUCTION
In this paper we study asymptotic behavior of solutions of difference systems with unbounded increase of the parameter in the case, where the limit set might not be invariant with respect to the system. In a broad class of cases the behavior of solutions is reduced to the emergence of asymptotic quiescent positions or rated stable motions [1] , [2] or asymptotically invariant sets . The concept of the asymptotic quiescent position was introduced by V. I. Zubov [3] for systems of differential equations. In [4] , [8] , sufficient conditions of the existence of an asymptotic quiescent position, as well as an asymptotically invariant sets in the large for the trajectories of nonlinear systems of differential equations, were obtained. The question of existence of asymptotic quiescent position for systems of homogeneous non-autonomous differential equations was raised in [9] . Later this problem has been extended to the system of difference equations. In [10] , [12] , sufficient conditions of the existence of an asymptotic quiescent position, as well as an asymptotically invariant sets in the large for the trajectories of nonlinear systems of differential equations, were obtained. In our research, we continue to develop the ideas proposed in [4] - [8] , [13] , and we try to get conditions on the vector of the external disturbances, under which the system has an asymptotic quiescent position.
II. PRELIMINARIES
The following definitions and theorem [10] are used in this paper. Let us consider the system of difference equations
where x(k) is a n-dimensional real vector-functions with components x 1 (k), x 2 (k), . . . , x n (k) and k = 0, 1, 2, . . . is an integer argument. We assume that the vector function G(k, z) is defined and is continuous for every fixed k at the set z ≤ H, where H > 0 is a constant value. We denote by x(k, k 0 , x 0 ) the solution of the system, which passes for k = k 0 through the point x 0 . Definition 1. Position x = 0 is called an asymptotic quiescent position for the trajectories of system (1), if there exists ε > 0 such that
Definition 2. Position x = 0 is called an asymptotic quiescent position for trajectories of system (1) in the large, if
Definition 3. A function W (k, z) is called negative definite at the set z ≥ λ(k) if the following condition are satisfied:
is continuous with respect to z for k ≥ 0 and z ∈ R n ;
2) There exists a positive definite in
Theorem 1. If the system is such that it is possible to find functions λ(k), V (k, z) and W (k, z) that are defined for k ≥ 0 and have the following properties:
is positive definite at the set k ≥ 0 and z ∈ R n ;
2) V (k, z) admits an infinitesimally small upper limit;
then x = 0 is the asymptotic quiescent position for trajectories of system (1) in the large.
III. MAIN RESULTS Let us consider the system of difference equations
where x(k) is an n-dimensional real vector functions and k = 0, 1, 2, . . . is an integer argument. We assume that the vector function F (z) is continuous in the region z ≤ H, where H > 0 is a constant value. Also suppose that there exist values ∆ > 0 and α ∈ [0, 1) such that
In this case trivial solution x = 0 of system (2) is asymptotically stable in the Lyapunov sense. Indeed, let V = z * z = z (2) we obtain:
The function W (z) is negative definite in R n , the function V (z) is positive definite in R n and admits an infinitesimally small upper limit, therefore, as it has been shown in [11] , the position x = 0 is asymptotically stable equilibrium position for system (2) .
Let us note that if all components F i of the vector function F (z) are continuously differentiable in some neighborhood of the point z = 0 and ∂F i (z) ∂z j z=0 = 0, then condition (3) is satisfied. Along with system (2), we consider the system
where R(k, z) is an n-dimensional real vector functions, which defines an external disturbance. We denote by x(k, k 0 , x 0 ) the solution of system (4), which passes for k = k 0 through the point x 0 . We note, that x = 0 might not be a solution of system (4).
Theorem 2. Let on the set z < ∆, k = 0, 1, . . . for the vector function R(k, z) the following conditions hold:
0 is the asymptotic quiescent position for the trajectories of system (4).
Proof: Let us choose any k 0 ≥ 0, x 0 < ∆ and denote x(k, k 0 , x 0 ) by x(k). First we show that
The proof is by induction on k.
Thus the basis of induction is proved. Further, let us prove that if statement (5) holds for some natural number k ≥ k 0 , then statement (5) holds for k + 1.
Thus the inductive step is proved. Therefore, inequality (5) holds for every integer k ≥ k 0 . Now we show that x(k) → 0 as k → +∞. For that we consider the auxiliary scalar difference equation
where the constant α is taken from condition (3) and function R(k) satisfies the properties of the theorem. We denote by y(k) the solution of equation (6), which passes for k = k 0 through the point y 0 and let us show that:
2) y(k) → 0 as k → +∞.
The proof of the first statement is by induction on k.
Thus the basis of induction is proved. Let x(k) ≤ y(k) as some k ≥ k 0 , then
Thus the inductive step is proved. Therefore, estimate (7) holds for every integer k ≥ k 0 . To prove the second statement, we consider the function V (y) = y 2 and calculate the increment of this function along the solutions of equation (6):
It is easy to establish that the functions
and
We note that λ(k) ≥ 0 for k ≥ 0 and λ(k) → 0 as k → +∞.
If we estimate the function W (k, y) at the set |y| ≥ λ(k), then we get:
Thus, the function W (k, y) is negative definite at the set |y| ≥ λ(k). Also, we note, that for the function W the following condition holds lim max
Consequently, taking into account Th. 1, we obtain that y = 0 is the asymptotic quiescent position in the large for equation (6) . In other words, y(k) → 0 as k → +∞ for any initial conditions (k 0 , y 0 ). In particular, it is true, if y 0 = x 0 < ∆. Thus, using (7), we get
for every k 0 ≥ 0 and x 0 < ∆. We illustrate the use of the theorem on the simple example. Let us consider the difference equation
This equation has three equilibriums x = −1, x = 1 and x = 0. We note that position x = 0 is asymptotically stable in the Lyapunov sense. Also we note that if |x 0 | < 1 then
Next, we consider the equation
where γ is a constant. Let us find values γ and ∆ such that x(k, k 0 , x 0 ) → 0 as k → +∞ for every k 0 ≥ 0 and |x 0 | ≤ ∆. Here x(k, k 0 , x 0 ) is the solution of equation (8) . It is easy to see, that if ∆ ∈ (0, 1) then
Therefore, the condition b) from Th. (2) is satisfied if
The condition a) from Th. (2) also satisfied, consequently, x = 0 is the asymptotic quiescent position for the solutions of equation (8) .
From the last inequality we may get maximum possible value of |γ|, at which equation (8) has the asymptotic quiescent position x = 0:
In this case x(k, k 0 , x 0 ) → 0 as k → +∞ for every k 0 ≥ 0 and |x 0 | < 1/ √ 3.
IV. CONCLUSION
In this paper we consider nonlinear system of difference equations with perturbations of a certain type. We obtain conditions of the existence of the asymptotic quiescent position in terms of the right part of the system. A corresponding theorem is proved based on the second Lyapunov method and the method of mathematical induction. An illustrative example of the use of the resulting theorem is given.
